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T
raditional portfolio theory (TPT) assumes
we live in a world where risk factors are
normally (or a little more generally, ellipti-
cally) distributed. Under these circum-

stances, we can take the portfolio standard deviation to
be a reliable proxy for portfolio risk, and we can take
a plot of portfolio expected return against portfolio
standard deviation as the trade-ofF between expected
return and risk. If we want, we could also express the
risk side of this trade-ofF in terms of other risk mea-
sures such as the value at risk (VaR).

The normality (or eUipticality) assumed in TPT is
multivariate. At its heart is the assumption that we can
model the statistical dependence or comovement between
random variables using linear (or Pearson) correlation
coefficients. The validity of the linear correlation
coefficient carries over to correlation matrices and
variance-covariance matrices, and TPT is often expressed
in terms of such matrices.'

Unfortunately, most real-world risk factors are not
ellipticaUy distributed, and under these circumstances
we cannot rely on TPT to give us reliable guidance on
portfolio management. Once we step outside the hmit-
ing confines of multivariate eUipticality, portfolio analy-
sis runs into two difficult problems:

• We cannot rely on correlation-based (e.g., vari-
ance-covariance) approaches to model statistical
dependence.

• Widely used risk measures such as the portfolio
standard deviation or VaR become unreliable.
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The first problem is a statistical one; it tells us we
need an alternative way to model dependence that is
valid in non-elliptical situations. The second problem is
a matter of risk measurement theory; it tells us we need
to be careful in our choice of risk measure.

MODELING DEPENDENCE

The use of linear correlations to model statistical
dependence is so ingrained in fmancial risk management
practice that many practitioners have little awareness of
any alternatives. Its great advantages are its simplicity
and that in an elliptical world the correlations tell us
everything we need to know about dependence. Yet
correlation is only one of many dependence measures.^

One limitation is that the correlation is not invari-
ant to transformations of the underlying variables (e.g.,
the correlation between lnXand lnYis not generally the
same as that between Xand Y). Another is that the cor-
relation does not always go from —1 to 1 (e.g., two vari-
ables can always move in the same direction as each
other, and have a correlation of less than 1).

More seriously, in some circumstances correlation
is not defmed. This would be the case if one of the vari-
ables concerned did not have a finite variance, or if the
two variables were not cointegrated. In other circum-
stances the correlation tells us very httle about depen-
dence, especially dependence in the tails. The bottom line
is that correlation will often be of limited or even no use
in non-elliptical situations.

We need a better way to model dependence, and
the answer is provided by copulas. The term copula, from
the Latin, refers to connecting or joining together (as in
the Enghsh word, couple). In statistical terms, a copula is
a function that joins together a collection of marginal dis-
tributions—the statistical distributions for each random
variable taken on its own—to form the multivariate dis-
tribution that describes how they all move together.
And, viewed conversely, copulas enable us to take a mul-
tivariate density function and separate its dependence
structure from the marginal distribution functions.^

Copula Theory

The key result is a theorem due to Sklar [1959]. Sup-
pose for convenience that we are concerned with only two
random variables, X^ and X^. If F(Xp x^) (the probability
that Xj is less than or equal to some constant Xj and that
X^ is less than or equal to some other constant x^) is a joint

distribution function with continuous marginals
- Mj and F^ (x^) = Wj is the probability that

j < Xj, and this probability is set to Wj...), F{x^, x^) can
be written in terms of a unique function C{u^, u^:

F{x., X,) = C(u,, M. (1)

where C{u^, u.^ is known as the copula of F(Xj, Xr^.
The copula function describes how the multivari-

ate function F{x^, x^ is derived from or coupled with the
marginal distribution functions Fx^{x^ and Fxpc^, and we
can interpret the copula as giving the dependence struc-
ture of FfXj Xj).

This result is important, because it enables us to con-
struct joint distribution functions from marginal distri-
bution functions in a way that takes account of the
dependence structure of our random variables. To model
the joint distribution function, we specify our marginal
distributions, choose a copula, estimate the parameters
involved, and then apply the copula function to our
marginals. Once we can model the joint distribution
function (or copula), we can use it to estimate risk mea-
sures, identify the risk-return trade-ofF, and so on.

Advantages over Correlation

Copulas have a number of advantages over corre-
lation as measures of dependence. The most obvious one
is that copulas are universally valid, in the sense that they
can be applied to non-elliptical as well as elliptical dis-
tributions. Given that most real-world multivariate dis-
tributions are non-elliptical, this means that copulas
give us (and correlation-based approaches do not) a
valid means of modeling the dependence structures in
many empirical multivariate distribution functions.

Copulas are also extremely flexible, because they
allow us to work at two separate levels. At the first level
we focus on the marginal distributions, and fit the appro-
priate marginal distribution to each factor in turn. We then
consider the dependence structure (i.e., the copula) to be
fitted to the marginal distributions.

This separation makes for much greater flexibility
because it means that we can in principle fit quite differ-
ent marginal distributions to each risk factor (e.g., we can
flt a normal distribution to one risk factor, a f to another,
and so on). With correlation-based approaches, however,
we have to fit the same marginals to each risk factor. This
same separation also makes for greater flexibility in another
respect; working with copulas gives us a much greater
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range of choice over the dependence structure that we can
fit to our data.

In short, copulas provide a means of modeling
dependence that is much more flexible and has a much
greater range of applicability than traditional correlation-
based approaches provide.

MEASURES OF FINANCIAL RISK

Granted that copulas enable us to estimate our risk
measures properly, there remains the problem that
measures such as the standard deviation or the VaR are
unreliable in non-elliptical situations. The standard
deviation gives us a reliable risk measure in an ellipti-
cal context because the higher moments (skewness,
kurtosis) of elliptical distributions are pinned down by
the distribution. For example, for a normal distribution
the skewness is 0 and the kurtosis is 3.

For non-elliptical distributions, however, the higher
moments are fî ee parameters that can take many differ-
ent values (e.g., distributions might be very skewed, or
have greater than normal kurtosis) and can vary from
one situation to the other. Two such distributions might
have very different shapes and yet have the same standard
deviation; in these circumstances the standard deviation
does not suffice to give us a reliable indication of the shape
of the distribution.

For its part, the VaR is also known to be a very unre-
liable risk measure in these same circumstances. Perhaps the
biggest problem is that the VaR then fails to be subadditive.''

Subadditivity reflects the natural expectation that
risks should diversify, or at least should not increase, when
we put them together, and subadditivity is a basic require-
ment of any sensible risk measure. The failure of VaR to
be subadditive is therefore a major drawback to the VaR's
credibihty as a risk measure. This lack of subadditivity also
means that a VaR-based risk-return analysis can give
extremely misleading results.̂

The best response to these sorts of problems is to go
back to first principles and set out the criteria that we
would expect a good risk measure to satisfy. Various sets
of criteria have been proposed, but perhaps the best (and
certainly best-known) are the axioms of coherence set out
by Artzner et al. [1999]. The most important of these
axioms is that of subadditivity, and the VaR's lack of sub-
addivity means that the VaR is not coherent.

Risk measures that satisfy the coherence axioms—
coherent risk measures—have a number of advantages over
the VaR. For example, coherent risk measures tell us

something about how bad bad states (or losses exceeding
VaR) might be, while the VaR tells us nothing about them;
coherent risk measures are more compatible with expected
utility maximization, and are more reliable when used for
risk-return decision-making; and coherent risk measures
can be rehed on to generate convex risk surfaces (while
the VaR cannot), which ensures that portfolio optimiza-
tion problems have a well-defined optimum and that
standard programming techniques can find that optimum.

There are many coherent risk measures to choose
from, but the best known is the expected shortfall (ES)—
the average of the worst p% of outcomes, where p is
100% minus the confidence level expressed in percent.
That is, if we are working at the 99% confidence level,
the ES is the average of the worst 1% of losses.

RISK-RETURN ANALYSIS IN A
NON-ELLIPTICAL WORLD: EXAMPLE

The answers to our earlier problems are now clear.
Outside ellipticality, we should model dependence using a
copula rather than a correlation-based approach, and we
should use a coherent risk measure (such as the ES) instead
of unreliable alternatives such as the standard deviation or
the VaR. To obtain our trade-offbetween expected return
and risk, we can estimate expected returns the old-fashioned
way, but we take the risk side of this trade-off to be a coher-
ent risk measure that we estimate using copulas.

It is helpfiil to illustrate the issues involved using an
example. This wiU highlight both the mechanics of using
copulas for portfolio analysis and the difference that cop-
ulas can make in our estimated risk-return trade-off.

Suppose we have two fmancial assets whose returns
Tj and rj have normal marginal distributions. The port-
folio return is therefore wr^ + (1 - ui)r2, where u> is the
proportion of the portfolio invested in Asset 1, and we
wish to estimate the 99% ES of the portfolio over some
period. We model the dependence between r̂  and TJ and
using a Clayton copula:^

= max fora>0 (2)

where MJ and MJ ^re standard uniform random variables
(i.e., are distributed evenly over the range [0, 1]). This is
a convenient one-parameter copula, and we assume its
parameter ex is known.^

The easiest approach to estimate VaR and ES is
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Monte Carlo simulation, based on simulations of MJ and
Mj from the specified copula:

• We first simulate independent variables v^ and V2
from a standard uniform distribution.

• Set H, = fj.

• We then simulate MJ, from the distribution of MJ,
conditional on the realized value of Wj. This con-
ditional distribution C(t<21 w,) depends on the
copula, and in the case of the Clayton copula,
C(u21 Mj) is given by:^

g + l

(3)

We can then obtain Wj by setting this expression to
and solving it for U2. This gives us:

- 1 + 1 (4)

• Having obtained MJ and U2, we regard these as the
values of the marginal cumulative density func-
tions for Tj and TJ. N O W recall that r̂  is normal.
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The retum to Asset I has a normal marginal with mean 0.04 and standard deviation 0.25; the return to Asset 2
has a normal marginal with mean 0.08 and standard deviation 0.35. The Gaussian copula is predicated on a
linear correlation coefficient of 0.4; this implies a Kendall's T of 0.2594, and this value of T implies that a
Clayton copula has an a of 0.7000. The ES is predicated on a 99% confidence level and holding period equal to
that on which the retum parameters are predicated. Estimates are based on 50.000 simulation trials.

Let its mean and standard deviation be ^. and <7.,
and denote its cumulative density function as
C>(r.; II., G) for i = 1,2. We then obtain our sim-
ulated values for r, and r2 by inverting O(r.; ;U., a)
= u. using standard algorithms. This gives us r. =
O"'(M., //., (T), and we plug these return values into
wr. + (1 - w)r2 to obtain our simulated portfolio
return.

• We repeat these steps many m times, and sort the
m simulated portfolio returns fix)m lowest to high-
est. We then estimate the 99% ES as the negative
of the average of the worst fe = (1 - 0.99) m
returns.

We can use this simulation routine to estimate the
ES for any portfoho allocation (i.e., any value o(w), and
estimating the expected portfolio return (equal to u'/ij +
(1 - u')^2) is trivial. We then vary w from 0 to 1, estimate
the associated expected portfolio returns and portfolio ES,
and plot the former against the latter to give us the trade-
ofF between expected return and risk.

An (empirically plausible) example of this trade-off
is shown in the Exhibit. Note that this trade-off is correct
in a dual sense. It is correct in the sense that the depen-
dence between the two returns is modeled correcdy, using
the assumed (Clayton) copula; and it is correct in the

sense that the risk measure used, the ES, is
known to be well-behaved in non-ellipti-
cal situations.

The Exhibit also shows the trade-off
we would have obtained had we used a
Gaussian copula with parameter values that
are consistent with those of the Clayton
copula. Given that our marginals are normal,
this is equivalent to assuming that returns are
multivariate-normal. Thus, the one curve
gives us the true trade-offbetween risk and
expected return based on the assumed cop-
ula, and the other gives us the trade-off
that we would have obtained had we made
the conventional assumption of multivari-
ate normahty (e.g., as in TPT).

The difference between the two
curves is striking. In this example, the true
trade-ofF is usually well to the right ofthe
conventional TPT one, implying that the
true risk measures can be considerably
greater than conventionally estimated ones.

The lesson is very clear. Incorrectly

0.95
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assuming eUipticality (or failing to use the appropriate
copula) can lead to major errors in estimates ofthe trade-
ofFbetween risk and expected return. This shows that cop-
ulas are practically and not just theoretically important for
portfoho management.

ENDNOTES
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'EUiptical distributions have "normal-like" density func-
tions, and include distributions such as finite-variance t distri-
butions. They can therefore be regarded as generalizations ofthe
normal. Strictly speaking, TPT also presupposes that our posi-
tions are linear functions of normal (or elliptical) risk factors, but
we take the linearity for granted in the present context.

The linear or Peanon correlation coefficient between two
variables is defined as the covariance between the two variables
divided by the product of their standard deviations. -

^Alternatives include Kendall's T, the Spearman rank cor-
relation, Blomqvist's j3, and the Gini coefficient. For more on
these risk measures, see, e.g., Cherubini, Luciano, and Vecchiato
[2004, chapter 3].

•'For more on copulas and their financial applications, see
Nelson [1999] and Cherubini, Luciano, and Vecchiato [2004].

•"If p(.) is a measure of risk, and A and B are any two risky
positions, the risk measure p(.) is said to be subadditive of
p(A + B) < p(A) + p(B).

'The root ofthe problem is that any VaR-based decision
analysis ignores the size of prospective losses exceeding VaR.
Hence, provided the probabilities of these losses are sufficiently
low, a VaR-based risk-retum analysis would tell us to take on
the additional risk, however high those prospective losses might
be and however small the extra expected retum might be.
This ignores the marginal trade-offs on which any "sensible"
risk-return analysis must always depend. For more on this and
other problems with the VaR, see, e.g., Artzner et al. [1999],
Acerbi [2004], or Dowd [2005].

'The Clayton is also an empiricaOy plausible copula, and
both Cherubini and Luciano [2001] and Breymann, Dias, and
Embrechts [2003] present evidence that it fits real-world retum
data weD.

'Estimating the parameter of this type of copula is also
straightforward. For more on this, see, e.g., Cherubini, Luciano,
and Vecchiato [2004, chapter 5].

'This conditional simulation has a familiar parallel in the
variance-covariance paradigm. To simulate correlated random
numbers, we often start by simulating independent ones; we
then apply a Choleski matrix to transform the independent ran-

dom numbers into dependent ones. The Choleski approach is
explained in Hull [2003, pp. 412-413].
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